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Abstract 

When two point particles, coupled to three dimensional gravity with a negative cosmo- 
logical constant, approach each other with a sufficiently large center of mass energy, then a 
BTZ black hole is created. An explicit solution to the Einstein equations is presented, de- 
scribing the collapse of two massless particles into a non-rotating black hole. Some general 
arguments imply that massive particles can be used as well, and the creation of a rotating 
black hole is also possible. 



Outline 

The three dimensional black hole of Banados, Teitelboim and Zanelli [jl|, ||] has turned out to be 
a useful toy model to study various aspects of black hole quantum physics and thermodynam- 
ics. It is a solution to the vacuum Einstein equations with a negative cosmological constant. In 
its maximally extended version, its global structure is very similar to the maximally extended 
Schwarzschild black hole, or wormhole solution to Einstein gravity in four dimensions. Space- 
time splits into four regions, the interiors of a black hole and a white hole, and two causally 
disconnected external regions. They are asymptotically flat in the Schwarzschild case, whereas 
for the BTZ black hole they are anti-de-Sitter spaces. 

For the Schwarzschild black hole it is well know that it can be created by, for example, a 
star collapse. What is necessary for such a collapse is that a sufficiently large amount of matter 
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is concentrated inside a small region of space. If the black hole is created in this way, then only 
two of the four regions of spacetime exist: one exterior region, which is asymptotically flat and 
contains the initial matter configuration, and the interior of the black hole, which is separated 
from the exterior by a future horizon. There is no white hole and no second asymptotically flat 
region. In this sense, the star collapse is more realistic than the wormhole solution, because it 
can evolve from a singularity free initial condition. 

Another way to create a Schwarzschild black hole is to start from a collapsing spherically 
symmetric dust shell, which is somewhat easier to deal with than a star, because there are no 
matter interactions other than the gravitational ones. The analog solution to the three dimen- 
sional Einstein equations, describing a circular dust shell collapsing into a BTZ black hole, has 
in fact been found shortly after the discovery of the BTZ black hole itself Here, I would 
like to present another way to create a BTZ black hole, starting form a very different initial 
condition. Instead of a dust shell, which can be considered as a special arrangement of infinitely 
many particles, it is sufficient to consider just two particles, which approach each other such that 
at some time they collide. The four dimensional analog of this process would be the collision of 
two stars, with sufficient masses and center of mass energy to create a black hole. 

The situation is however much simpler in three dimensions, because the particles can be 
taken to be pointlike, and we can even choose them to be massless, which simplifies the con- 
struction of an explicit solution to the Einstein equations even further. This is because pointlike 
particles in three dimensional gravity are very easy to deal with. Unlike in higher dimensions, 
they do not themselves form black holes. Their gravitational fields are conical singularities 
located on their world lines. Outside the matter sources, spacetime is just flat, respectively con- 
stantly curved for a non- vanishing cosmological constant [|J]. Spacetimes containing only such 
point particles as matter sources can be constructed by cutting out special subsets, sometimes 
called wedges, from Minkowski space, and then identifying the boundaries of these subsets in a 
certain way []5j,|6|]. 

After setting up the notation and summarizing some basic features of anti-de-Sitter space 
in, I will give a brief description of this cutting and gluing procedure and its generalization to 
anti-de-Sitter space. It is then straightforward to consider a special process where two particles 
collide and join into a single particle. It turns out that, depending on the energy of the incoming 
particles, the joint object is either a massive particle or a black hole. More precise, if the center 
of mass energy of the incoming particles lies beyond a certain threshold, then the object that 
is created after the collision is not a massive particle moving on a timelike geodesic, but some 
other kind of singular object, which is located on a spacelike geodesic. 

A closer analysis of the causal structure of the resulting spacetime shows that this object is 
the future singularity inside a black hole. The black hole has all the typical features such as, 
for example, an interior region which is causally disconnected from spatial infinity, and there 
is also a horizon, whose size is a function of the amount of matter that has fallen in. Finally, 
reconsidering the same process in a different coordinate system will show that the black hole 
created by the collapse is indeed the BTZ black hole. 
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1 Anti-de-Sitter Space 



Three dimensional anti-de-Sitter space S can be covered by a global, cylindrical coordinate sys- 
tem (t, X, <p), with a real time coordinate t, a radial coordinate \ > 0, an d an angular coordinate 
<p with period 2ir, which is redundant at \ = 0. The metric is 

ds 2 = dx 2 + smh. 2 xdip 2 — cosh 2 xdt 2 . (1.1) 

It is useful to replace the radial coordinate x by r = tanh(x/2), which ranges from zero to one 
only. Anti-de-Sitter space is then represented by an infinitely long cylinder of radius one in R 3 . 
Expressed in terms of the coordinates (t, r, ip), the metric becomes 

d S 2 =(^)VWd^ 2 )-(I^)V. (1.2) 

The time t will be considered as an ADM-like coordinate time, providing a foliation of anti-de- 
Sitter space. The hyperbolic geometry of a spatial surface of constant t is that of the Poincare 
disc, which is conformally isometric to a disc of radius one in flat R 2 . Hence, anti-de-Sitter 
space can be considered as a Poincare disc evolving in time. The time evolution is however not 
homogeneous. The lapse function, that is, the factor in front of the df-term in the metric, which 
relates the physical time to the coordinate time t, depends on r. It diverges at the boundary of 
the disc, indicating that the physical time is running infinitely fast there. 



Geodesies 

The Poincare disc has some nice properties, which allow a convenient visualization of the con- 
structions made in this article. The geodesies on the disc are circle segments intersecting the 
boundary at r = 1 perpendicularly. Figure [l] shows the construction of such a geodesic. It is 
determined by two points A and B on the boundary. If the angular coordinates of A and B are 
a ± j3, with < j3 < ir, we call the circle segment APB the geodesic centered at a, with 
radius j3. To derive an equation for the geodesic in terms of the coordinates r and ip, consider 
the points in the figure as complex numbers, such that A = e l<y0l+ ^ and B = e 1<yCl ~^ . It then 
follows that the center of the circle segment APB is at C = e ie /cos j3, and that its radius is 
tan p. Using this, it is not difficult to show that, for a point P = re ¥ on the geodesic, we have 

2 r 

cos(v? — a) = cos 0. (1.3) 



l + r 1 

This also applies for j3 = tt/2, where the circle segment becomes a diameter of the disc. In this 



case, the solution to (1.3) is r = or ip = a±ir/2, which is fulfilled on the diameter orthogonal 
to the direction a. 

Another special class of geodesies are spacetime geodesies passing through the origin of the 
coordinate system at r = and t = 0. They can be parametrized by an angular direction 9, 
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Figure 1 : Construction of a geodesic on the Poincare disc 



and a velocity < £ < oo. The equation specifying such a geodesic in terms of the cylindrical 
coordinates (t, r, <p) is 

2r 

— ^ = £sini, (1.4) 
1 + r z 

and ip has to be equal to 6. Let us consider this as a definition of r as a function of t, describing 
the motion of a test particle in anti-de-Sitter space. To see that £ is its velocity when it passes 
the origin, we have to differentiate (1.4) at t = and r = 0. This gives 2 dr = £ dt. As there is 
also a relative factor of 2 between dr and dt in the metric (1.2), the physical velocity is indeed 
equal to £. For < £ < 1, the geodesic is timelike. The radial coordinate r is then oscillating 
with a period of 2tt in t between two extremals —p<r<p, determined by 

2p 



1 + p 2 



£• (1-5) 



The test particle starts off from the center of the disc at t = 0, moving into the direction tp = 9 
with velocity £. At t = tt/2, it reaches the maximal distance, and it returns to the center at 
t = 7T. Then it moves into the opposite direction, returns at t = 2tt, and so on. To keep the 
equations describing this kind motion as simple as possible, we have to allow negative values of 
r, with the obvious identification of the point (t, r, ip) with (t, — r, tp ± n). 

For a lightlike geodesic with £ = 1, the relation ( |1.4[ ) between r and t simplifies to r = 
tan(i/2), which holds for — tt/2 < t < tt/2. At the ends of this time interval, r becomes equal 
to one, which means that the geodesic reaches the boundary of the disc. Unlike a timelike test 
particle, a light ray is not oscillating forth and back. It travels once through the whole Poincare 
disc, and the amount of time that it takes to travel from one side to the other is it. The existence 
of lightlike geodesies like this implies that the discs of constant t are not Cauchy surfaces of 
anti-de-Sitter space. Causal curves enter at any moment of time from the boundary, and they 
disappear there as well. 

Being the origin and destination of light rays, the cylindrical boundary of spacetime at r = 1 
is called J. To be precise, it is the boundary of the conformal compactification of anti-de- 
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Sitter space, which is obtained by multiplying the metric with the conformal factor \{1 — r 2 ) 2 , 
which makes all coefficients of (L2) regular at r = 1, and then including the boundary into the 
manifold. In contrast to asymptotically flat spacetimes, we cannot separate the origin of light 
rays J- from their destination J + . There are, for example, light rays emerging from J after 
other light rays have arrived there. 

Moreover, as a consequence of this unusual feature, J itself has a causal structure. The 
future light cone of a point on J is the set of all points where light rays emerging from that 
point arrive back on J. To see how the light cones look like, it is sufficient to consider the 
pullback of the conformal metric on the boundary at r = 1, which is given by dip 2 — dt 2 . The 
light rays on J are thus the left and right moving lines with dt = ±dip. These are in fact limits 
of light rays inside anti-de-Sitter space. In accordance with the special light ray considered 
above, which passes through the origin of anti-de-Sitter space, the amount of coordinate time 
that it takes for light to travel from some point on J to the opposite point is it. 

Finally, the geodesic equation (L4) also includes spacelike geodesies. For £ > 1, it has a 
solution for r only within an even smaller time interval — r < t < r, where r is determined by 
sinT = l/£. At the boundary of this interval, r becomes equal to one. In the limit £ — ► oo, we 
also recover the diameters of the Poincare disc. Hence, a spacelike geodesies passes through the 
whole disc even faster than a lightlike one, and it also starts and ends on J. However, in contrast 
to the lightlike geodesic, which has a vanishing physical length, its total length is infinite. In 
this sense, the boundary J can also be considered as spacelike infinity. 



The group SL(2) 

What we didn't show so far is that all these curves are actually geodesies. To do this, it is 
convenient to use a different representation of anti-de-Sitter space. It is isometric to the covering 
of the group manifold SL(2), consisting of real 2x2 matrices with unit determinant. As a basis 
of 2 x 2 matrices, we introduce the unit matrix 1, and the gamma matrices 

70= I), 71 = (J J), 72= (I (1-6) 

They form an s[(2) Clifford algebra, 

lalb = Vab 1 - £ab C ~fc, (1-7) 

where the indices a,b,... run from to 2, 77^ = diag(— 1,1,1) is the three dimensional 
Minkowski metric, which is used to raise and lower indices, and 

£ abc is 

the Levi Civita symbol 

with e 012 = 1. Expanding a generic matrix x in this basis, 

x = x 3 l + x a la , x 3 = ±Tr(x), x a = ±Tr{x~/ a ), (1-8) 
we obtain a scalar 23 and a vector x a . The condition for the determinant to be one is 

X Xd = ~t~ Xq X-^ X<2 -— \1.\7) 
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This defines a unit hyperboloid in R^ 2 ' 2 ). It is not simply connected, because there is a non- 
contractible loop in the (23, xq) plane. To see that anti-de-Sitter space is the covering thereof, 
we define a projection S — > SL(2). In terms of the coordinates (t, x, <fi) it is essentially the 
Euler angle parametrization of SL(2), 



coshx (cos tl + s'mt 70) + sinhx (cos (fji + sin (^72). (1-10) 



The projection is locally one-to-one, but not globally. The right hand side of fll.10 ) is obviously 



periodic in t. The time coordinate of anti-de-Sitter space is winded up on the group manifold, 
with a period of 2ir. To check that the projection is an isometry, one can show, by straightforward 
calculation, that the anti-de-Sitter metric given above is equal to the pullback of the Cartan 
Killing metric on SL(2), which is the same as the induced metric obtained by embedding SL(2) 

intoR( 2 ' 2 ), 

ds 2 = i Trfo^dx x~ l dx) = dx\ + dx\ - dx\ - dx§. (1.11) 
A compact way to write the projection in terms of the alternative coordinates (t, r, <p) is 

x = T375 W (') + 1^2 (1.12) 

where 

7(a) = cos a 71 + sin a 72, u(a) = cosa 1 + sina7o. (1-13) 
Together with their derivatives, 

7' (a) = cos a 72 — sin 071, u'{a) = cos a 70 — sina 1, (1-14) 

they provide a rotated basis of 2 x 2 matrices. Some formulas for products are 

7(a) 709) = "(a " P), 7(«) <*{P) = 7(« " P), 

u>(a)u>{(3) = u>(a + /3), w(a) 7 (/3) = 7(0 + 0). (1.15) 

It is now straightforward to show that the curves considered above are geodesies of anti-de-Sitter 
space. What we have to show is that their projections are geodesies on the group manifold. 
Let us first consider the geodesies passing through the origin, that is, through the unit element 
1 G SL(2). On the group manifold, such geodesies are one-dimensional subgroups, consisting 
of the elements x(s) = e sn , s Gl, where n = n a ~y a is some vector in the Lie algebra sl(2). 
Let us take n = 70 + £ ~f(0), and work out the exponential explicitly. This gives 

x(s) = e sn = cs sl + sns(7 + £7(#)), (1.16) 
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where the real and analytic functions sn and cs are defined such that 



sn s 



ess = cosh(sJ£ 2 - 1) = cos(sJl -£ 2 ). (1.17) 



Comparing this to ( |1.12D , we find the following relation between the coordinates and the curve 
parameter s, 

1 + r 2 1 + r 2 2 r 

^ cost = ess, t sint = sns, ^ = ( sns, (1.18) 

and 99 has to be equal to 6. One of the three relations between r and t turns out to be redun- 
dant, and eliminating the curve parameter s, for example by taking the quotient of the last two 



equations, we recover the relation (1.4). 



Isometries 



To show that the circle segments ( |1.3| ) are geodesies as well, we can exploit the fact that, being 
a group manifold, anti-de-Sitter space is maximally symmetric. Every geodesic can be obtained 
by acting with an isometry on a geodesic passing through a special point. On a simple group 
manifold, isometries are arbitrary combinations of left and right multiplications with constants, 

xt-tg^xh, g,heSl(2). (1.19) 

Except for time and space inversion, every isometry of SL(2) can be written in this way, and the 
corresponding isometry of anti-de-Sitter space is then determined up to a time shift t 1— » t + 2irz, 
z 6 Z. It follows that every geodesic on SL(2) can be written as 

x(s) = g~ 1 e sn h, g,h € SL(2), n€*I(2). (1.20) 

The parametrization is somewhat redundant, but for our purposes it is sufficient. Choosing 

g = e -KT( Q ) e -^T0 5 h = e |CT(«) e |r 7 ; n = y^ ( L2 1) 

a straightforward calculation gives 

x(s) = coshC coshsa;(r) + sinh£ coshs7(a) + sinhs7'(a). (1-22) 



If we compare this to ( ]1.12| ), we find that this is a curve that entirely lies inside the Poincare disc 
at t = t, with the following relations between the coordinates r and ip and the curve parameter 

3, 

cosh£ coshs = — — — 5-, sinhs = ^ shift/? — a), 

2 r 

sinh£ coshs = ^ cos(y? — a). (1-23) 

1 — r z 
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Again, one of these equations is redundant, and after eliminating the curve parameter s, we are 
left with a single relation between r and 93, 



2r 



1 + 7" 



cos(ip — a) = tanh£, 



(1.24) 



which is the same as ( |1.3| ), defining a geodesic centered at a with radius j3, if we choose £ such 
that cos f3 = tanh (. 



2 Point Particles 

So far, we only considered empty anti-de-Sitter space, which is the unique solution to the vac- 
uum Einstein equations with a negative cosmological constant, provided that the topology of 
spacetime is that of M 3 . Let us now include a matter source, in form of a pointlike particle. The 
effect of such a particle is almost the same with or without a cosmological constant. The most 
convenient way to construct a spacetime containing a point particle is by cutting and gluing 

A point particle in Minkowski space 

For a vanishing cosmological constant, the method works as follows. One starts from flat 
Minkowski space, which is isomorphic to the Lie algebra sl(2), that is, the spinor representation 
of the three dimensional Lorentz algebra. This is quite useful, because to adapt the procedure 
to anti-de-Sitter space, we only need to replace the Lie algebra by the group manifold. Let us 
introduce orthonormal coordinates (t, x, y) on Minkowski space, and write a general vector as 

z = t~fo + xji + y-f 2 - (2.1) 

Now, consider a Lorentz transformation acting on z. It can be written as the adjoint action of 
some group element u, 

z^u^zu, u G SL(2). (2.2) 

The fixed points of this map lie on the axis of the Lorentz transformation, consisting of all 
matrices z that commute with u. If we expand u in terms of the gamma matrices, and define a 
vector p as 

u = ul+p a la , P = p a J a , (2.3) 

then the direction of p specifies the axis. Let us assume that p is timelike or lightlike. The 
axis can then be interpreted as the world line of a particle, with momentum vector p. In three 
dimensional Einstein gravity, the effect of such a particle as a matter source is that it produces a 
conical singularity, whose holonomy is u [[J. The resulting spacetime is everywhere flat, except 
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on the world line, and transporting a vector once around the world line results in the Lorentz 



transformation ( J2.2| ). 

The complete spacetime can be constructed by cutting out a wedge from Minkowski space. 
The wedge is bounded by two half planes emerging from the world line, such that one of them is 
mapped onto the other by the given Lorentz transformation. Note that this requires the points on 
the world line to be fixed. If we identify the two faces according to the Lorentz transformation, 
we obtain a spacetime that is locally flat, because the map that provides the identification is an 
isometry of Minkowski space. There is however a curvature singularity on the world line. By 
construction, it has the required property. Transporting a vector around the particle results in a 
Lorentz transformation, which is the same as the one that defines the identification. 

A convenient way to visualize this construction is to use an ADM-like foliation of spacetime. 
At a given moment of time t, the space manifold is a plane with coordinates x and y. From this 
plane, we cut out a wedge, which is bounded by two half lines w±, such that w + is the Lorentz 
transformed image of w— It is not immediately clear that the wedge can be chosen like this. 
It is only possible if the identification takes place within the planes of constant t. It turns out 
that this can be achieved by choosing the wedge to lie symmetrically in front of or behind the 
particle. For simplicity, let us consider the following example. We choose a massless particle 
with a lightlike momentum vector pointing into the x-direction. Its holonomy is 

u = 1 + tane(7o + 7i), < e < vr/2. (2.4) 

The corresponding isometry of Minkowski space is a lightlike, or parabolic Lorentz transforma- 
tion. The fixed points are at x = t at y = 0. Hence, the particle is moving with the velocity of 
light from the left to the right. To construct the wedge, we have to find a curve w- in the t -plane, 
such that its image w + also lies in this plane. Let us make the following symmetric ansatz. The 
world line is invariant under vertical reflections, y ^ —y. So, we assume that the wedge has 
this symmetry as well. A point (t, x, y) G w + then corresponds to the point (t, x, —y) € w~. 
The matrix representations of these points are 

w± = tj +X71 ± ^72, (2.5) 

and for them to be mapped onto each other, we must have u w + = w u. Inserting the expres- 
sions for w± and u, we find that this is fulfilled if and only if y = (t — x) tan e, which means 
that the faces w± of the wedge are determined by 

w + : y = (t — x) tane, W- : y = — (t — x) tane. (2.6) 

For a given value of t, these are two straight lines in the (x, y)-plane, with angular directions ±e. 
They intersect at the fixed point, which is the position of the particle at time t. Figure |2| shows 
the lines w + and u;_ for three different times t. The dot indicates the position of the particle, 
and the cross represents that origin of the spatial plane at x = and y = 0. 
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Figure 2: A particle cutting out a wedge from Minkowski space. 



We can now cut out the wedge between the two lines, either in front of or behind the particle. 
Both choices lead to the same spacetime manifold, but covered with different coordinates. Let 
us choose the wedge behind the particle. The space manifold is then the shaded region shown 
in the figure, with the boundaries marked by the double strokes identified. The opening angle 
e of the wedge, which is half of the deficit angle of the conical space surrounding the particle, 
can be considered as the total energy of the particle together with its gravitational field, in units 
where Newton's constant is G = I /Air It is bounded from below by zero and from above 
by it/2. Note that this energy is smaller than the energy of the particle itself, that is, the zero 
component of its momentum vector, which is tan e. 

The same construction can be made for massive particles. The holonomy u is then a time- 
like, or elliptic Lorentz transformation. It represents a rotation of space around a timelike axis, 
which becomes the world line of the particle. The wedge can be arranged in the same symmetric 
way, and its opening angle is also equal to the total energy. It is then bounded from below by 
the rest mass m, which is equal to half of the angle of rotation. The angle of rotation coincides 
with the deficit angle if the particle is at rest. The angle of rotation and thus the rest mass of the 
particle can also be read off directly from the holonomy u, using the mass shell relation [||], 

^ Tr(«) = cosm, < m < it. (2.7) 



A point particle in anti-de-Sitter space 



To construct a spacetime containing the same kind of point particle, but with a negative cosmo- 
logical constant, let us repeat the same procedure, step by step, in anti-de-Sitter space. The first 
step was to specify the world line as the set of fixed points of an isometry. We chose the isom- 
etry to be a Lorentz transformation, which has the special property that it leaves the origin of 
Minkowski space fixed. In principle, we could weaken this restriction, but on the other hand we 
can always choose coordinates such that the particle is passing through the origin. It is therefore 
sufficient to consider those isometries of anti-de-Sitter space which leave the origin fixed. We 



know already that a general isometry of the group manifold SL(2) can be written as (1.19). The 
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unit element 1 is a fixed point if and only if g = h. Hence, the isometry has to be of the form 



x^u~ x xu, u £ SL(2), (2.8) 

So, the relevant isometry group is again SL(2). Indeed, u can be considered as the holonomy 
of the particle, in the same way as in Minkowski space above. If we are in a neighbourhood 
of the origin, which is small compared to the curvature radius of anti-de-Sitter space, we can 



expand x = 1 + z + . . ., with z € sl(2). On the Minkowski vector z, the map ( p7q ) acts 
exactly like the one defined by ( |2.2| ) above. We can therefore expect that, in the neighbourhood 
of the particle, spacetime will have the same conical structure. Also in analogy with Minkowski 
space, the fixed points of the given isometry are those elements of SL(2) that commute with u. 
They can be found in the same way. We expand u in terms of the gamma matrices, and define a 
momentum vector p, 

u = ul+p a la , p = p a la . (2.9) 

The only difference is that now the fixed points are not the vectors proportional to p, but the 
elements of the one dimensional subgroup generated by p, consisting of the matrices 

x(s) = e sp , seR. (2.10) 

This is a geodesic on the group manifold. Assuming that p is timelike or lightlike, it is the 
projection of a world line of a massive, respectively massless particle in anti-de-Sitter space. As 



an example, we consider the same massless particle once again, with holonomy ( |2.4| ), 



u = 1 + tane(7o + 71). (2.11) 

The fixed points lie on a lightlike world line, with r = tan(t/2) and tp = 0. To construct 
the wedge that the particle cuts out from anti-de-Sitter space, we proceed in the same way as 
before. First, we switch to an ADM point of view, so that anti-de-Sitter space becomes a space 
manifold, the Poincare disc, evolving in time. Then, we look for a pair of lines w± on the disc 
of constant time t, which are mapped onto each other by the given isometry. Finally, we cut out 
the wedge between these lines, and identify the faces according to the isometry. 

There is however one crucial difference to the Minkowski space example considered above. 
It only takes a finite amount of time for the particle to travel through the whole disc. It enters at 
t = — 7r/2, and it leaves again at t = 7r/2. Before and after that, there is no matter present, and 
therefore spacetime is expected to be empty anti-de-Sitter space, with no wedge or whatsoever 
cut out. Only for — tt/2 < t < it/2 the particle is present, and we expect the space manifold 
to be a Poincare disc with a wedge cut out. For the shape of this wedge, we make the same 
symmetric ansatz as in Minkowski space. The world line of the particle is invariant under 
reflections of the vertical axis. In cylindrical coordinates, this is the transformation tp 1— > —tp. 
So, we assume that a point (t, r, —tp) G u>_ is mapped onto (i, r, tp) G w + . The matrices 
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t = -Till 



-Till < t < 



< f < 71/2 




t = Till Till < t < 71 7C < t < 3%I2 



Figure 3: A massless particle passing through anti-de-Sitter space 



representing these points on the group manifold are given by dl.l2p , 



=^^w + r^2^(±^. (2.i2) 



Evaluating the equation uw + = w u, we find that the faces w + and u;_ are uniquely deter- 
mined by the following coordinate relations, 



2 r 

w± : k sin(e ± tp) = sint sine. (2.13) 

1 + r z 



If we define a parameter a = tt/2 — e, such that sine = cos a, and compare this to (|l.3|), we 
find that w + is a geodesic centered at a, whose radius j3 is given by cos = sin t cos a, and w- 
is a geodesic with the same radius, centered at —a. As a function of t, the radius decreases from 
/3 = vr - a at t = -7r/2 to /3 = a at t = n/2. 

In figure ^] these curves are shown for different values of t. Let us first consider the pictures 
(a-d), for the time between t = —tt/2 and t = ir/2. What we see is that the lines w + and w- 
are moving upwards, respectively downwards, such that their intersection, the fixed point of the 
isometry at r = tan(i/2), moves from the left to the right. The space manifold is obtained by 
cutting out the wedge behind the particle and identifying the boundaries marked by the double 
strokes. The resulting spacetime manifold has a constant curvature everywhere, except on the 
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world line. The reason is the same as before. The map that provides the identification is an 
isometry of anti-de-Sitter space, and therefore there is no extra curvature introduced by gluing 
together the two faces of the wedge. 

To see that the matter source is the same as before, it is, as already mentioned, sufficient to 
consider a small neighbourhood of the world line, where the curvature of anti-de-Sitter space can 
be neglected. Indeed, if we enlarge the region around the center of the disc in figure ||, it looks 
exactly like the one shown in figure ||. So, what we have so far is a piece of spacetime between 
t = — 7r/2 and t = tt/2. The continuation has to be a solution to the vacuum Einstein equations, 
because there is no matter present outside this time interval. This is not in contradiction with 
causality, because the foliation of anti-de-Sitter spacetime by discs of constant t is not a foliation 
by Cauchy surfaces. Matter consisting of massless particles can appear and disappear at the 
boundary at any time. 

For t < —tt/2, it is more or less obvious how to continue. At t = —tt/2, the space manifold 
is a complete Poincare disc, with no matter inside. At this time the particle is still at r = 1, 
which is outside the open disc. Only a small time later the particle is actually there. If we 
assume that for all earlier times the space manifold is a complete disc as well, then we obtain 
a continuous solution to the Einstein equations, which is matter free for all t < —tt/2. What 
is not so obvious is what happens at t = tt/2, after the particle has left. The shaded region of 
figure ||(d) does not at all look like a complete disc. Let us consider the further evolution of this 
space manifold. 

If we want to stick to t as a global time coordinate, and the vacuum Einstein equations to be 
fulfilled everywhere, then the time evolution of the boundaries of the shaded regions is uniquely 
determined. This is because the curves w± defined by (2. 13) are the only curves inside the discs 
of constant t which are mapped onto each other by the given isometry. For times t > tt/2, the 
curves start to move backwards, as shown in figure ||(e-f), and then they oscillate between two 
extremals. The shaded regions start to overlap, but this is just a coordinate effect. One has to 
consider them as two separate charts covering the space manifold. The only identification takes 
place along the boundaries w+ and As this is always defined by the same isometry, we 
obtain a continuous solution to the Einstein equations for all t, which is matter free outside the 
time interval — tt/2 < t < tt/2. 

Now it seems that after the particle has left, spacetime looks very different from what is was 
before, although we know that anti-de-Sitter space is the only matter free solution to the Einstein 
equations on a topologically trivial spacetime manifold. But this is also just a coordinate effect. 
In fact, the foliation of spacetime by the space manifolds shown in figure |3|(e-f) is a somewhat 
skew foliation of anti-de-Sitter space. To see this, let us take a three dimensional point of view. 
The two shaded regions, evolving in time, then define two subsets of anti-de-Sitter space, whose 
boundaries are the surfaces w±. By definition, these two surfaces are mapped onto each other 
by an isometry, which is continuous and one-to-one. Therefore, one of the subsets is isometric 
to the complement of the other, and thus both together form a complete anti-de-Sitter space. 

So, finally we see that the whole situation is time symmetric. The spacetime looks like 
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empty anti-de-Sitter space before and after the particle is there. The asymmetry in the pictures 
is only due to the fact that it is not possible to cover the whole manifold symmetrically with a 
single coordinate chart, which locally looks like the standard chart of anti-de-Sitter space. We 
can reverse the picture if we cut out the wedge in front of the particle instead of the one behind. 
We then obtain the same spacetime, covered with different coordinates, providing the standard 
foliation of anti-de-Sitter space after the particle has left, but the skew one before it enters. 

3 Colliding Particles 

Let us now describe the process of two particles colliding, and thereby joining and forming a 
single particle. The basic idea is as follows. Consider two relativistic point particles in flat 
Minkowski space, with no gravitational interaction. If they collide, that is, if their world lines 
intersect at some point in spacetime, then we assume that from that moment on they form a 
single particle, whose momentum vector is given by the sum of the momenta of the incoming 
particles. This is consistent with energy momentum conservation, and it is a deterministic clas- 
sical process, although not time-reversible. All properties of the joint particle can be deduced 
from the incoming particles. In particular, for a scalar particle the momentum vector is the only 
relevant quantity. 

When gravity is taken into account, the situation changes slightly. The process is still deter- 
ministic, but it is not the sum of the momentum vectors that is preserved. Instead, it is the total 
holonomy, which is the product of the two holonomies of the incoming particles, and which 
becomes the holonomy of the joint particle. This has some strange consequences. For exam- 
ple, unlike the sum of two timelike or lightlike vectors, the product of two timelike or lightlike 
holonomies is not necessarily timelike. The joint particle can, for example, become a tachyon. 
To understand this, it is again most convenient to study the process in Minkowski space first, 
and then apply the same methods to anti-de-Sitter space. 

Joining particles in Minkowski space 

Let us first consider the collision of two massless particles graphically. We can always choose 
a coordinate system in Minkowski space such that the collision takes place at the origin. The 
world lines of both incoming particles, and also that of the outgoing particle, are then passing 
through the origin, and we can apply the methods of the previous section. Furthermore, we 
can choose a center of mass reference frame, such that the particles come from opposite spatial 
directions and have the same energy. Hence, without loss of generality, we can assume that the 
holonomies of the incoming particles are given by 

ui = 1 +tane(7o + 71), u 2 = 1 + tan e (70 - 71). (3.1) 
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Figure 4: Two particles colliding and joining. 



The first particle is then the same as the one considered in the previous section. The wedge that 
it cuts out from Minkowski space is bounded by the faces 

wi + : y = (t — x) tane, w%- : y = —(t — x) tane. (3.2) 

The second particle has the same properties, except that it is moving into the opposite direction. 
The wedge is found by rotating that of the first particle by 180 degrees, 

^2+ : y = — (t + x) tan e, u?2- : y = (t + x) tane. (3.3) 

For times t < 0, before the collision, the space manifold is the shaded region of figure ^a). It 
is a plane with two wedges cut out behind the two particles, both with opening angle e. The 
identification along the boundaries, indicated by the double and triple strokes, is again such that 
points with the same x-coordinate correspond to each other. The resulting space manifold looks 
like a double cone, that is, a cone with two tips, moving towards each other with the velocity of 
light. 

At t = 0, when the particles collide, the space manifold becomes a simple cone with a 
single tip. Assuming that this is also the case at any later time, the further evolution of spacetime 
is uniquely determined by the Einstein equations, without making any additional assumptions 
about the joint particle itself. The argument is very similar to the one used in the end of the 
previous section. It is sufficient to know that spacetime is everywhere flat, except at one point in 
space, which is the position of the joint particle. If we want to stick to the foliation of spacetime 
by surfaces of constant t, then there is only one way how the lines w\± and u>2± can evolve. 



They must be given by (3.7) and (3.8) for all times, because these are the only lines inside the 
surface of constant t, which are mapped onto each other by the given isometries. 

In figure ||(c), we can see what they look like after the collision. If we require that there is 
only one point in space where the curvature is non-zero, then this can only be the point where 
w\+ and W2-, respectively W2+ and w\- intersect. Note that due to the identification, these 
two points in the picture represent the same physical point in space. The space manifold is then 
covered by two charts, the two separate shaded regions, glued together along their boundaries. 
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The positions of the joint particle in the two charts can be found as the intersections of the lines 
w\± and u>2±. They lie on the y-axis, at y = ± itane. Hence, in the upper chart the particle 
is moving upwards with a velocity of tan e, and in the lower chart it is moving downwards with 
the same velocity. 



Energy momentum conservation 

As we should have expected, the velocity of the joint particle depends on the energy of the 
incoming particles. What is however somewhat peculiar is that, for sufficient high energies, 
the velocity becomes bigger than one and thus the outgoing particle is moving faster than the 
speed of light. In other words, two incoming massless particles with sufficient high energy can 
form a tachyon. This is impossible for relativistic point particles in Minkowski space, without 
gravitational interaction. The sum of two lightlike momentum vectors is always a timelike 
vector. 

What makes the situation different if gravity is present, is, as already mentioned, that it is 
not the sum of the momentum vectors of the particles which is preserved, but the product of 
their holonomies. In particular, the holonomy of the outgoing particle is given by the product 
of the two holonomies of the incoming particles. To see this, consider once again figure |4](c). 
If we transport a vector once around the joint particle, then we have to pass once over the left 
wedge and once over the right wedge. The result is that we have to act on the vector first 
with the Lorentz transformation represented by u\, and then with the one represented by U2- 
The holonomy of the joint particle is therefore the product of two individual holonomies of the 
incoming particles. We can multiply them in two different ways, 

u + = U2 u\ = (1 — 2 tan 2 e) 1 + 2 tan e (70 + tan e 72)) 

u = u% Ui = (1 — 2 tan 2 e) 1 + 2 tan e (70 — tan £72). (3.4) 

There are two representations of the holonomy of the joint particle, because spacetime is covered 
by two coordinate charts, the upper and lower shaded region in the figure. Each expression rep- 
resents the holonomy in one of the charts. To find out which is which, consider the momentum 
vectors 

p + = 2 tan e (70 + tan 572), p = 2tane (70 — tane72). (3.5) 

Obviously, p + describes a particle that is moving upwards with a velocity of tan e, and p 
corresponds to a particle moving downwards with the same velocity. This implies that the 
quantities with a plus index are the ones corresponding to the upper chart. We can now also see 
is that the joint momentum vector is timelike for < e < 7r/4. Only in this case, the resulting 



joint object can be considered as a massive particle. Its mass is given by the formula (|2.7|). 
Inserting either u + or u , we find that 

sin(m/2) = tan e. (3.6) 
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-7t/2 < t < 



t = 



< t < tc/2 




f = jt/2 jc/2 < f < 7i 7C < ? < 3tc/2 



Figure 5: Two massless particles joining and forming a massive particle. 



For small energies, this becomes m sa 2e, which is the naive expression that applies when 
gravity is switched off. For higher energies, it deviates from this flat space relation. At e = 7r/4, 
the mass reaches its maximum m = it, and for e > tt/4, the formal solution for m becomes 
imaginary, indicating once again that the joint particle is a tachyon. What the existence of such a 
spacelike conical singularity in spacetime means depends rather crucially on its global structure. 
We shall therefore not go into more details regarding the tachyon in Minkowski space, where it 
can be considered as a kind of big bang or big crunch singularity [f7|] . A more interesting situation 
arises in anti-de-Sitter space, where the spacelike singularity becomes the future singularity of 
a black hole. 



Joining particles in anti-de-Sitter space 

Before coming to this, let us first consider the colliding and joining of two particles in anti- 
de-Sitter space, with the individual energies being below the threshold, < e < it /A. The 
construction is the same as in Minkowski space, we only have to adapt the pictures and the 
formulas. The holonomies of the incoming particles are given by the same expressions (3.1). 
Both world lines are lightlike geodesies passing through the origin, entering from J at t = 
— 7r/2. Before that, the space manifold is a complete Poincare disc. Afterwards, and until the 
particles collide at t = 0, it is a disc with two wedges cut out, as shown in figure |(a). The 
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positions of the particles are on the horizontal axis, at r = tan(i/2). The wedge of the first 



particle is bounded by the curves (2.13), 



2r 

W\± : 7T sin(e ±tp) = sint sine. (3.7) 

1 + r z 

and that of the second particle is obtained by rotation, tp \— ► tp + it, 

2r 

W2± ■ ^ sin(e ± tp) = — smt sine. (3.8) 

1 + r z 

Locally, the process at t = is exactly the same as in Minkowski space. If we enlarge a small 
neighbourhood of the origin of the disc at t « 0, everything looks the same as in figure g When 
the particles collide in figure Q(b), the two conical singularities form a single one. A short time 
later, the two shaded regions of figure ||](c) separate from each other. Space is then covered by 
two coordinate charts, and the positions of the joint particle in these charts can be found as the 
intersection of the curves w\+ and W2-, respectively w\- and it>2+- They lie on the vertical 
diameter of the disc, with the radial coordinate given by 

2r 

sint tane. (3.9) 



1 + r 



This is a geodesic of the form (|1.4|). Whether it is timelike, lightlike, or spacelike, and thus 
whether the joint particle is slower or faster than the speed of light, depends on the size of e. In 
fact, the relation between the velocity of the outgoing particle and the energy of the incoming 
ones is the same as in flat space. In accordance with the properties of the holonomy of the 



joint particle ( |3.4| ), it is timelike for < e < 7r/4, lightlike for e = ir/4, and spacelike for 
7r/4 < e < 7r/2. 

In case of a timelike particle, the further time evolution looks as follows. The radial coordi- 
nate of the joint particle reaches a maximum and the size of the shaded region has a minimum in 
figure |5](d), at t = tt/2. After that, the shaded regions of figure ^e) are growing again and mov- 
ing towards each other. At t = ir, the particle is back at r = 0, and thereafter the shaded regions 
start to overlap, as can be seen in figure ||(f). This is however, once again, only a coordinate 
effect. The space manifold is always covered by two separate charts, with the only identifica- 
tions taking place along the boundaries. The maximal size of the space manifold is reached at 
t = 37r/2, then it starts to shrink again, and finally it oscillates between the two extremals with 
a period of 2ir in t. In contrast to a massless particle, the massive particle does not leave the 
disc. This is because only lightlike and spacelike geodesies can reach the boundary J, but not 
timelike ones. 

What is not so obvious is that the final state is indeed a spacetime containing a single particle 
whose mass in given by (|3~6|). In the rest frame of such a particle, the complete spacetime would 
be an anti-de-Sitter space, with the particle sitting in the center of the Poincare disc, from where 
a wedge with opening angle m is cut out. With a similar argument as in the end of section ||, 
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one can show that the foliation obtained here is again a somewhat skew foliation of the standard 
spacetime where the particle is at rest. We are not going to show this explicitly, because we are 
more interested in the case where the energy of the infalling particles is beyond the threshold, 
and the joint particle becomes a tachyon. 

4 Black Hole Creation 

For 7r/4 < e < tt/2, the process of colliding and joining of the particles, at least before and 
shortly after the collision, looks almost the same as in figure |[ Only the parameter e, and thus 
the opening angle of the two wedges, is somewhat bigger. The space manifolds for three differ- 
ent times before the collision are shown in figure ||(a-c), the collision takes place in figure ^(d), 
and shortly after that the two shaded regions separate from each other. So far, nothing new is 
happening. However, the dots in figure ||(e), representing the joint object after the collision, are 
now moving upwards, respectively downwards, on a spacelike geodesic, which is defined by 

2r 

;r = sinitane. (4.1) 

1 + r z 

As we already know from the general consideration of spacelike geodesies, this equation has a 
solution only within a finite time interval. The geodesic reaches the boundary of the Poincare 
disc at some time t = r, which is in this case given by 

sinr = cote, < r < tt/2. (4.2) 

So far, this is not a problem. The massless particle in figure || also reaches the boundary of 
the disc and disappears at some time, but nevertheless it was possible to continue spacetime 
afterwards. But now the situation is different. If we look at figure ^(f), we see that, together 
with the joint particle, the whole space manifold has disappeared at t = r. There is nothing to be 
continued after that moment. It is not immediately clear whether this is again just a coordinate 
effect or something more relevant, but let us for the moment assume that it is indeed not possible 
to continue. Then we have to conclude that the spacelike world line of the joint object is a future 
singularity, that is, a line on which time ends. 

The horizon 

If there is such a singularity in spacetime, then it is, in addition to J, another possible destina- 
tion of causal curves. We can then ask the question whether there is a region of spacetime, from 
where every causal curve ends on the singularity. Or, in other words, a region which is causally 
disconnected from J, in the sense that no information can be passed from there to spatial infin- 
ity. The boundary of such a region is usually called a horizon, and what is beyond the horizon 
is the interior of a black hole. 
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—7i/2 < t < x - 7i/2 t = x - n/2 



x - 7C/2 < t < 




l -Q < f < x t = i 

Figure 6: The creation of a black hole 

Before showing that there is such a horizon, let us first consider J itself. In figure ^, it is that 
part of the boundary of the disc, which is also a boundary of the shaded region. For t < —it/ 2, 
this is the full boundary of the Poincare disc. For — 7r/2 < t < t, it consists of two parts, one 
between the curves w\ + and W2-, and one between W2+ and w\-. Because the end points of the 
two parts are identified, J has always the shape of a closed circle. However, the circumference 
of this circle shrinks, and it goes to zero at t = r. Let us call the point which is represented by 
the two dots in figure |6|(f) the last point on J . Note again that the identification is such that both 
dots represent the same physical point on J. 

It is not difficult to show that every point on J is causally connected to the last point. This 
is because the end points of the curves w\± and u>2± on J are moving slower than the speed 
of light. The amount of time they need to traverse a quarter of the circumference of the disc 
is r + 7t/2, whereas a light ray only needs tt/2 to travel over the same distance. From this we 
conclude that the horizon is the backward light cone of the last point on J. To construct this 
light cone, we make use of some general properties of light cones emerging from J. First of 
all, such a light cone is a geodesic surface. If we intersect it with another geodesic surface, say, 
a disc of constant t, then the intersection is a geodesic. Moreover, we know that light travels on 
J with a velocity of d<^/dt = 1. 

Using all this, it follows that the backward light cone of the upper dot in figure |6|(f) is, at 
some time t in the past, a geodesic centered at n/2, with radius r — t. The backward light cone 
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emerging from the lower dot is centered at —tt/2, and has the same radius. These two curves are 
shown as the dashed lines inside the shaded regions of figure |[ Due to the identifications along 
the boundaries of the wedges, they form a closed circle. From the area that is enclosed by this 
circle, no signal can be sent along a causal curve to J, even if we make use of the identifications 
and jump over the wedges. On the other hand, from every point outside the circle, we can find a 
causal curve either to the upper or to the lower part of J. This is also possible for every point in 
space before t = r — tt/2, which is the moment when the two dashed lines meet in the middle 
of the disc. 

All together we get the following scenario. At t = —tt/2, the particles enter from opposite 
sides, approaching each other with the speed of light. When they are close enough, at t = r — 
tt/2, the horizon emerges, and at the same time the particles fall behind it. The actual collision 
of the particles, and the creation of the future singularity, takes place behind the horizon at t = 0. 
This is very similar to the creation of a Schwarzschild black hole in a star collapse. When the 
star becomes small enough, the horizon emerges from some kind of cusp, and the singularity is 
created behind the horizon. The differences are mainly due to the different symmetries of the 
process. For example, the horizon does not emerge from a point in the center of the star, but 
from the geodesic that connects the two particle at the moment when they fall behind it. 

Another and more crucial difference seems to be that time also ends at t = r in the exterior 
region, which is not the case for a Schwarzschild black hole. However, it is only the coordinate 
time t that ends at this point. The physical lifetime of an observer staying outside the horizon can 
be infinite. This is because the lapse factor in front of the dt-term in the metric ( |L~2| ) diverges at 
the boundary of the disc. Consider an observer moving on a timelike curve which stays outside 
the horizon. There is no such geodesic, which is another difference to the Schwarzschild black 
hole, but there are timelike curves approaching the last point, or any other point on J . In 
general, such a curve has an infinite physical length, which means that the outside observer can 
live infinitely long. This is not the case for a curve ending on the future singularity. The world 
line of an observer falling into the black hole always ends after a finite physical time. 

The size of the black hole 

All these features justify the notion of a black hole for the object generated by the two particles. 
We can then ask the question how big this black hole is. As we are in two space dimensions, 
the size is specified by the circumference of the horizon. It is constant in time, because there is 
no more matter falling into the black hole after it has been created and the two particles have 
fallen in. We shall see this more explicitly in the next section. At t = r — tt/2, the horizon 
length is twice the physical distance between the two particles. To calculate this explicitly, let 
us introduce a new parameter \i > 0, which is essentially the analytic continuation of the rest 
mass m of the massive particle, which was given by ( |3.6| ) for e < tt/A. For e > tt/A, we define 
H such that 

cosh(>/2) = tane. (4.3) 
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Now, let p be the radial coordinate of the particles at the moment when the horizon is created, 



p = tan(r/2 -tt/4). (4.4) 



The time r was given by (4.2). Using this and some trigonometric identities, we obtain 

p = tanhQu/4). (4.5) 

To find the physical distance between the particles, we have to integrate the dr-component of 
the metric, 

fp 2 

/ K dr = 4 arctanh p = p. (4.6) 

J-p 1 — 

It follows that the length of the horizon is 2p. Assuming that there is some kind of no hair 
theorem, this should be the only parameter describing a non-rotating black hole. However, we 
already considered another quantity to specify this particular solution to the Einstein equations, 



length of the horizon. From fl4.3|), we infer that 



namely the total holonomy (3.4). So, there should be a relation between the holonomy and the 



cosh// = tan 2 e — 1. (4.7) 
This is, up to a sign, the contribution proportional to the unit matrix of the holonomy u + or u 



in (3.4). They both lie in the same conjugacy class of SL(2), which is specified by 

| Tr(u) = - cosh p. (4.8) 

Hence, the size of the black hole can be read off directly from its holonomy. The remaining 
information contained in the holonomy u is not a property of the black hole itself. It describes 



its motion relative to the reference frame. We should also note that the relation (4.8) between 



the holonomy and the size of the black hole is essentially the analytic continuation of the mass 



shell relation (|2.7|). Geometrically, the mass was defined to be half of the angle of rotation of the 
Lorentz transformation obtained by transporting a vector around the particle. Here, the Lorentz 
transformation represented by the holonomy u is not a rotation, but a boost, and p is half of the 
hyperbolic angle that parametrizes this boost. Using this analogy, we shall call p the mass of 
the black hole, which is equal to half of the horizon length. 



Extremal black holes 

We have now studied the collision of two particles with energies below and above the threshold 
of e = 7r/4, but we didn't consider the case e = tt/A so far. What happens in figure || in this 
limit? The joint object is no longer moving on a spacelike, but on a lightlike geodesic. The time 
when it reaches the boundary of the disc becomes r = 7r/2. As a consequence, the horizon 
emerges at t = 0, at the moment when the particles collide. As both the horizon and the joint 
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particle move with the speed of light, there is actually no interior region. This is in accordance 
with ( |4.3[ ), which says that for e = 7r/4 we have = 0, and therefore the size of the black hole 
becomes zero. So, what we get in the lightlike limit is a kind of extremal black hole, whose 
inside region consists of only the singularity, located on a lightlike geodesic. 

But what is the difference between this and a massless particle, which is also moving on 
a lightlike geodesic? Both objects have a lightlike holonomy, representing a parabolic Lorentz 
transformation, but nevertheless there is a crucial difference. For the lightlike particle considered 
in section Q the moment when it reaches J is not the end of time. Here it is, because even in 
the lightlike limit, there is no space manifold left at t = r. To understand the difference, let us 
also consider the lightlike case as a limit of the timelike one, which is shown in figure ||. The 
reason why this could be extended for all times in the future was that, when the radial distance 
of the joint particle from the origin reached its maximum at t = tt/2, there was still some space 
left which could evolve further. 

This is no longer the case when the joint particle becomes lightlike, because then it reaches 
the boundary at t = ir/2. The lightlike limit of figure |5| is thus the same as the lightlike limit 
of figure ||. But we can also see is that, when considered as a limit of the timelike situation, the 
extremal black hole is not the limit where m — > 0. Instead, it is the limit m — > n. This is the 
upper bound for the rest mass of a particle in three dimensional Einstein gravity, because the 
maximal deficit angle of a conical singularity is 2tt. A peculiar feature of this upper bound is that 
the world line of a particle with m = n is lightlike, but the structure of the conical singularity 
on the world line is very different from the one generated by a particle with m = 0. 

These exotic lightlike particles also exist in flat spacetime, with vanishing cosmological 
constant, and they also have some peculiar features, which are very similar to extremal black 
holes [§, 0]. The difference between massless and exotic lightlike particles can also be seen 
at the level of the holonomies. There are two different classes of group elements u € SL(2) 
representing parabolic Lorentz transformations, namely those with \ Tr(tt) = 1, and those with 
i Tr(u) = — 1. The former correspond to massless particle, and the latter are the extremal black 
holes. 

Massive particles 

As a possible generalization, let us ask the question whether it is really necessary to start with 
massless particles, or can the black hole also be created by two colliding massive particles? The 
answer is that it can, but then the global structure of spacetime changes, at least if we do not 
allow any other interaction between the particles than the gravitational one. If we want the same 
black hole to be created from two infalling massive particles, then the only constraint is that the 
product of their holonomies is the same, or at least that it lies in the same conjugacy class of 
SL(2). This can be achieved for any given pair of masses. The structure of spacetime after the 
collision is then exactly the same as the one shown in figure ||(d-f). What is also similar is that 
the horizon is created and the particles fall behind it at some time t = r — tt/2, where r is the 



23 



time coordinate of the last point on J. 

However, the situation looks very different before that. Unlike the massless particles, the 
massive ones cannot enter from J. They must have been there for all times in the past. At t = 
— 7r/2, the timelike geodesies on which the particles are moving reach their maximal distance 
from the center. If we follow their world lines back into the past, then they meet again in the 
center at t = —it. So, something special is happening there as well. In fact, the whole situation 
is symmetric with respect to time reversion t —it/ 2 — t. Using the same arguments as above 
for the collision of the particles, we have to conclude that the only reasonable way to continue 
further to the past is to assume that the particles emerge from the decay of some other object. 
This joint object must be a past singularity, that is, a spacelike curve on which time begins and 
causal curves cannot be extended to the past. It reaches J at the time t = — tt — r, and there is 
no extension of spacetime before that. 

A foliation of this spacetime looks like the one shown in figure ||, but starting not from a 
full Poincare disc for t < —tt/2, but from the singular situation (f) at t = —tt — r, then going 
backwards to (a) at t = — tt/2, and ending up again with the last picture (f) at t = r. There is 
then also a. first point in J, and the light cone emerging from this point is the past horizon of a 
white hole. An outside observer in this spacetime sees two particles coming out of a white hole, 
reaching a maximal distance, approaching each other again, and finally falling into a black hole. 
This was the actual reason for considering the collapse of two massless particles first. With that 
kind of matter it is possible to give an exact solution to the Einstein equations, describing the 
creation of a black hole, without the need of any other exotic structure like the white hole. 

We thereby exploited the global causal structure of anti-de-Sitter space, and in particular 
that of the boundary J, which is very different from that of asymptotically flat spacetimes. 
An alternative way to avoid the white hole, but nevertheless create a black hole using massive 
particles, might be to allow another kind of interaction, which prevents the particles from ap- 
proaching each other in the past. It is not immediately clear whether this can be achieved, in 
particular because, for a consistent treatment, one has to describe the second force as a field 
which also interacts with gravity, and this makes it much harder to find an exact solution. The 
only way to avoid the white hole without introducing other forces is to create the massive parti- 
cle themselves, or at least one of them, out of two massless particles, by the process described 
in section ||| 

Rotating black holes 

Finally, let us very briefly consider another possible generalization. What happens if the parti- 
cles do not collide, but pass each other at, say, a small distance? An intuitive conclusion would 
be that they create a rotating black hole. But is there any singularity then? If there is no col- 
lision, then there is also no need for the particles to join and to form a single object. They are 
just scattered, move on along their lightlike geodesies, and disappear to J at some time in the 
future, such that in the end, spacetime looks like anti-de-Sitter space again. If we look at this 
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process in Minkowski space, then we find indeed that, if the particles do not hit each other, they 
just move on along their world lines extending to infinity. 

This is not immediately obvious from figure [J because the two wedges shown there will 
in any case overlap from some time on, and then we have to switch to a different coordinate 
system. But if we give up the condition that spacetime should be foliated by planes of constant 
t, it is easy to see that, given any two non-intersecting lightlike world lines in three dimensional 
Minkowski space, one can always choose the wedges such that they do not overlap. If there is no 
joint object any more, one can also ask the question whether there is still anything special about 
the threshold e = 7r/4, which was previously the minimal energy of the incoming particles to 
create a spacelike singularity. In the case of colliding particles, it makes a crucial difference 
whether the energy is below or above the threshold, but it seems that, if the particles are just 
scattered, this does not play a particular role. 

But this is not true. There is a crucial difference between the two situations, even if no joint 
object is created. The difference is that, if the energy lies above the threshold, then there are 
closed timelike curves in spacetime. These curves are always present, however large the distance 
between the particles is, and they are not located in the neighbourhood of the particles, but in a 
region of spacetime which extends, from outside some area around the particles at the moment 
of closest approach, to spatial infinity. For a vanishing cosmological constant, this spacetime is 
known as the Gott universe [Q, Bp. There is no singularity like the one for the non-rotating black 
hole, but instead there is a region in spacetime where closed timelike curves exist. 

Such a region of spacetime behaves very much like a future or past singularity. Causal 
curves can end, respectively start there, because they can wind up in an endless loop. Indeed, the 
analogy between closed timelike curves and future or past singularities is very close. Remember 
that above we assumed that it is not possible to continue the black hole spacetime beyond the 
future singularity. But this is only true if we do not allow closed timelike curves. If we give up 
this restriction, then there is a possible extension. It is very similar to the Misner universe, which 
can be obtained by cutting out a piece from two dimensional Minkowski space, and identifying 
the boundaries according to a hyperbolic Lorentz transformation. 

Turning this argument around, we should consider a region of spacetime with closed time- 
like curves as a future, respectively past singularity as well. Doing so, we find the following 
scenario of two massless particles, passing each other with sufficiently high energy. They enter 
the spacetime from J at some time, and before that we have an empty anti-de-Sitter space. The 
particles are then approaching each other, and some time before the moment of closest approach, 
closed timelike curves arise. They appear at spatial infinity first, and then the boundary of the 
region where they exist, now interpreted as a singularity in spacetime, approaches the particles. 
But it never hits them, because there are no closed causal curves intersecting the world lines. 
There remains a region of space around and between the particles where no closed timelike 
curves ever occur. 

After the moment of closest approach, the particles just move on, the boundary of the region 
with closed timelike curves moves back to spatial infinity, and the same happens to the particles, 
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which disappear to J at some time in the future. After that, spacetime looks again like empty 
anti-de-Sitter space. We can roughly divide it into three parts, the time before the singularity 
appears, while it is there, and after it has gone. The boundary J of this spacetime splits into two 
disconnected parts, before and after the singularity. Note that, because J is two dimensional, 
the existence of already a single closed causal curve, interpreted as a singularity, implies that J 
splits into two parts, because the curve cuts it into two pieces. The singularity on J the same as 
a last point, respectively & first point on J, depending on which part of J we are looking at. 

The future and past light cones of this singularity define two horizons, which separate the 
three parts of spacetime from each other. The backward light cone is the future horizon of a 
black hole sitting in the lower region of spacetime, the forward light cone is the past horizon 
of a white hole in the upper region, and the region between the two horizons is a wormhole 
that connects the two exterior regions, which are otherwise completely disconnected. This is 
the typical structure of a timelike wormhole, except that usually the process is periodic in time. 
But this can again be achieved by using massive particle instead of massless ones. There will 
then be a whole series of wormholes connecting a sequence of exterior universes, each with a 
lifetime of n in the time coordinate t. 

All together, it seems that a Gott universe in anti-de-Sitter space is almost the same as a ro- 
tating BTZ black hole, and studying a point particle collapse might clarify some still open ques- 
tions regarding the rotating black hole in three dimensions [ll, 12]. The arguments given here 
were based on the assumption that the results from Minkowski space can be straightforwardly 
generalized to anti-de-Sitter space. In particular, we had to assume that the region of spacetime 
containing closed timelike curves has the same structure. Actually, this is only justified in a 
neighbourhood of the particles, and if they pass each other at a small distance, as compared to 
the curvature radius of anti-de-Sitter space. So, a more detailed analysis is necessary to answer 
the question whether the relation is indeed that close. 



5 The BTZ Black Hole 

The purpose of this last section is to show that the black hole created after the collision of the 
particles is indeed the same as the BTZ black hole. To do this, we shall consider the same 
process in a different coordinate system. So far, we used a center of mass frame, in which the 
sum of the spatial momenta of the two infalling particles was zero. Now, we shall switch to a 
kind of rest frame of the black hole. This is not the same, again because it is not the sum of the 
momenta but the product of the holonomies that determines the motion of the black hole relative 
to the reference frame. 
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The maximally extended black hole 

Before considering the infalling particles, let us briefly describe the maximally extended, matter 
free BTZ black hole in its rest frame |[l], |iT[ ]. It is a solution to the vacuum Einstein equations 
with a negative cosmological constant, and it can be obtained by cutting and gluing, very similar 
to the spacetime containing a point particle in section^ The only difference is that the holonomy 
u has to be spacelike. In the previous section we saw that the holonomy is related to the mass 



/i of the black hole by ( |4.8| ), which states that u has to lie in a special conjugacy class of SL(2). 



A simple group element with this property is 

u = — e - ^ 71 = — cosh/i 1 + sinh/171. (5.1) 

The first question that arises is, are there any curves v± inside the discs of constant t, such that 
one of them is mapped onto the other by the isometry x t— > u x x ul Such curves do in fact 
exist. To find them, we can use the same symmetry argument once again. The holonomy u is an 
exponential of 71, which means that it is invariant under vertical reflections 72 1— > —72, which 
is the same as p \— > —tp in anti-de-Sitter space. Assuming the same for the curves v + and V-, 
we make the ansatz that the point (t, r, ip) S v + is the image of the point (t, r, —ip) € Using 
the matrix representations ( 1.12| ) for these points, 



u ± = J3^ w (*) + 1^72 7(±¥>), (5-2) 

and evaluating the equation u v + = v u, we arrive at the following coordinate relations defin- 
ing v + and v- , 

2r 

v± : k sin p = =psint tanh/i. (5.3) 

1 + r l 

For —ir < t < 0, these curves are shown in figure |7[ They are again geodesies on the Poincare 
disc, but their behaviour is very different from that of the faces w± for the lightlike particles. 
The curves v + and w_ do not intersect, except for t = Z7r, z G Z, where they both coincide with 
the horizontal diameter of the disc. This is the location of the fixed points. 

If we define the space manifold to be the region between the two curves, and identify the 
boundaries according to the isometry, then we obtain a solution to the vacuum Einstein equations 
with a negative cosmological constant, at least for times t which are not multiples of n. At 
t = z-K, space degenerates to a line. As already mentioned in the end of the previous section, 
it turns out that spacetime can be extended beyond this singularity, but only if closed timelike 
curves are allowed. If we do not allow them, or consider them as singularities as well, then 
there is no way to continue spacetime beyond these lines. Let us therefore restrict to a single 
time interval between two singularities, say, the one with —it < t < 0. There is then a future 
singularity at t = 0, and a past singularity at t = —tt, very similar to those in the case of a black 
and a white hole created by massive particles. 
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t =-7t 



-Ji < / < -jc/2 



-71 < t < -nil 




Figure 7: The maximally extended BTZ black hole 



The global structure of the singularities is however somewhat different. They are not located 
on half lines, emerging from the point where the particles collide, and extending from there to 
J. Instead, both singularities lie on full spacelike geodesies with two end points on J. As a 
consequence, there are two distinct last points on J, the left and the right dot in figure f7](f), and 
also two first points on J, the dots in figure |7](a). Moreover, if we look at the boundary of the 
disc more closely, we find that J itself splits into two disconnected parts, the left and the right 
one, each having its own first and last point. This is because the identification of the curves v + 
and V- is such that the right end of v + is glued to the right end of u_ , and the left end of v + to 
the left end of v- . 

Hence, J consists of two parts, both forming a closed circle. We can also say that there are 
two spatial infinities. This situation is well known, for example, from the maximally extended 
Schwarzschild black hole. Indeed, the spacetime shown in figure [7] has the same causal structure. 
To see this, we have to consider the light cones emerging from the first and the last points on 
J. They coincide pairwise, because the time distance between the first and the last point is n, 
which is exactly the time that a light ray needs to travel from one side of the disc to the other. 
The actual construction of the light cones is the same as in the previous section. The backward 
light cone of the last point on, say, the right part J is, at a time t, a geodesic centered at a = 0, 
with radius f3 = —t. As we need this later on, let us write down a coordinate equation for this 
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light cone. It is obtained from (1.4), with a = and j3 = —t. This gives 

2r 



cos tp = cos t. (5.4) 
1 + r l 

The backward light cone of the last point on the left part of J is the reflection of this at the 
vertical axis, tp i— ► it — tp. Both horizons are shown as dashed lines in figure All together, 
spacetime splits into four regions, and has the same global causal structure as the maximally 
extended Schwarzschild black hole. We have two external regions, to the left and to the right 
of both horizons, which are causally completely disconnected. The region between the two 
horizons for t < — it/ 2 is the interior of a white hole, from where signals can be sent to both 
parts of J, and the region between the horizons for t > — it/ 2 is the interior of a black hole, 
from where no signal can be sent to either part of J. 

The length of the horizon can be computed, most conveniently, in the moment when the 
two horizons coincide in the middle of the disc, which is the situation shown in figure 0(d). 
The radial coordinate p of the points where the horizon intersects with the curves v± is p = 
tanh(///2), which follows from (5.3) with tp = ±tt/2 and t = —tt/2. The physical distance 
between these points is 

p 

r 9 

dr = 4 arctanh p = 2p. (5.5) 



1 - 

-p 

So, we recover the relation between the horizon length and the mass p. A very different way 
to calculate the length of the horizon is the following. Consider any two points in anti-de-Sitter 
space, and the corresponding matrix representations x, y € SL(2). If there is a geodesic joining 
the two points, and only then the distance is defined, then there is also a geodesic on the group 
manifold. Assume that this geodesic is spacelike. There is then a unit spacelike vector n € sl(2) 
such that y = x e s n for some positive s£R. This s is the proper length of the geodesic joining 
x and y. It is related to the matrices x and y by 

^Tiix^y) = coshs. (5.6) 

For a timelike distance, we have the same formula with cosh replaced by cos. Now, consider 
two corresponding points (t, r, tp) £ v + and (t, r, —tp) 6 u_, and their matrix representations 
(5.2). Using the formulas ( 1.13| ), we find that 

§Tr(v_-V) = 1 + 2s ™ 2 v(yz^) 2 - (5-7) 

This formula can be used to compute the horizon length at any time t. What we need to do is to 
insert the coordinates of the intersection of the curves (53) with the horizon (5.4). The angular 
coordinate can be found by dividing the two equations and using some trigonometric identities, 
which gives 

2 (1 - cos(2t)) (cosh(2u) - 1) 

tan^ = tan* tanh/z 2 sin 2 tp = \ , ( 5 - 8 ) 

cosh(2 / u) + cos(2t) 
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For the radial coordinate, we take the sum of the squares of the two equations, and what we get 
is 

/2r\2 „ „ „ /2r\2 cosh(2n) + cos(2f) ,„ „ N 

5 J = sm 2 t tanh 2 u + cos 2 t 7 J = — — , , v 7 . (5.9) 

VI + r 2 / P VI - r 2 / l-cos(2i) 



If we insert this into ( ]5.7| ), the time dependence drops out, and what remains is cosh(2/i). This 



implies that the length of the horizon is indeed independent of time, and equal to 2fx. 
Infalling particles 

Let us now put in the particles. We can do this once again by cutting and gluing, but this time 
we start from the BTZ black hole instead of empty anti-de-Sitter space. We should expect that 
the particles somehow cut away the second exterior region and also the white hole, because 
these regions of spacetime did not occur in the previous section. If the particles are falling in 
from, say, the right exterior region, then it must be this region that remains. As an ansatz, let us 
assume, again motivated by the symmetry of the picture, that one of the particles, say, number 
two, is moving on the horizontal axis from the right to the left, entering from J at t = —tt/2. 
Its holonomy is then given by 

u 2 = 1 + tane 2 (70 - 7i)- (5.10) 



Note that this is the same as the holonomy of the second particle in (|3JJ), so we can later apply 
some of the results from section ||. The parameter e 2 is determined by the following condition. 
The holonomy u\ of the other particle must be lightlike as well, and the product of the two 
holonomies must be u. This gives a relation between e 2 and /i, namely 

i Tr(«i) = I Tr(wu 2 _1 ) = sinh/x tan e 2 + cosh fi = 1 => tan e 2 = coth(///2). (5.11) 

There are then two possible choices for u\, depending again on the order in which the product 
is taken. If we make the ansatz 

ui± = l+tanei(7o-7(±0)) (5-12) 

and then solve the equations 

u\ U2 = it, it 2 iti+ = u, (5.13) 

we find that the parameters 9 and ei, specifying the direction and the energy of particle one, 
have to be chosen such that 

sin# = tanh/i, tanei = cosh/i coth(///2). (5.14) 
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But what does it mean that there are two possible choices for the holonomy u\l The answer is 
actually quite simple. Consider the corresponding world line in the BTZ black hole spacetime, 
for —it/2 < t < 0. It is the light ray defined by r = — tan(i/2) and tp = ±9, depending 



on which sign we choose in ( |5.12| ). As can be easily checked, these world lines lie entirely 



inside the surfaces v±, as defined in (5.3). They represent the same world line, because the two 
surfaces are identified. 

The resulting positions of the two particles as a function of time are shown in figure ||(b-e). 
Particle one is always sitting at the intersection of the curves v± with the diameter of the disc 
pointing into the angular direction ±9. Particle two is moving on the horizontal diameter. Both 
are at the same distance r = — tan(i/2) from the center. They both enter from J at t = — vr/2, 
and they collide in the center of the disc at t = 0. To find the wedges that the particles are 
cutting out from space, let us first consider particle two, which is the same as the one already 



considered in section [3[ There, we found that the wedge is bounded by the curves (3.8), 



2r 

w± : t sin(e2 ± p) = — smt sin €2- (5.15) 

1 + r z 



Now, everything fits together very nicely. If we insert r = — tan(i/2) and ip = ±9 into these 
equation, we find that the world line of particle one also lies inside the surfaces w±. Hence, 
particle one always sits exactly at the intersection of the curves w± and v±, and w± is the 
geodesic that joins the two particles. If we cut out the wedge which is bounded by w + and W-, 
the space manifold becomes the shaded region shown in figure |8[ Note that it is now the wedge 
in front of the particle that is cut out, and not the one behind. Furthermore, it is not necessary 
to cut out a second wedge emerging from the other particle. This is already done by cutting and 
gluing along the curves v±. 

As all the identifications are provided by isometries of anti-de-Sitter space, namely by the 
one represented by U2 along w±, and by that represented by u along v±, it follows that the 
resulting spacetime has a constant negative curvature everywhere, expect on the world lines. 
One can also check that the holonomies of the particles are the correct ones. For particle two 
this is obvious, because in its neighbourhood spacetime looks exactly like the one considered 
previously in figure ^ or |5| To transport a particle around particle one, we have to pass it 
once from v- to v + , which gives a Lorentz transformation u, and then from w + to W-, which 
contributes with a factor 1^2 1 to the holonomy. The order in which the two factors have to 
be multiplied depends on whether we start in the neighbourhood of the upper or the lower 
representation of particle one on figure || In any case, we find one of the holonomies u\ + or 



iti_, obeying ( p - 1 3D . 

What is then still missing is the continuation of spacetime to the past, for t < —tt/2. At the 
moment when the particles enter, the space manifold is the shaded region of figure |8|(b). This 
has the same shape as the one in figure |3|(d), which remained after a single massless particle 
has passed through. Here, we have the reverse situation. It is the space manifold before the 
particles enters. The fact that there are actually two particles entering at the same time does not 
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Figure 8: The BTZ black hole with infalling particles 



make any difference, at least not at this moment, because both particles are still outside the disc. 
We can continue to the past in the same way as we continued to the future in figure ^[ We let 
the curves w± evolve further, according to (5.15), and define the space manifold to consist of 
the two partly overlapping shaded regions of figure ||(a), glued together along their boundaries. 
From section |2] we know that this provides a skew foliation of anti-de-Sitter space. 

All together, we have the same scenario as in the previous section, except that the coordi- 
nates are slightly different. For t < — it/ 2, we have an empty anti-de-Sitter space. At t = — tt/2, 
two particles enter from J. Shortly after that, in figure ||(c), there is still no horizon, because the 
BTZ horizon lies still outside the shaded region. In figure ||(d), one particle has fallen behind 
the horizon, but the other particle is still outside. The time t% when the horizon emerges at the 
position of the first particle can be found by setting r = — tan(t/2) and <p = 9 in (^4j). The 
result is that tan t\ = — cosh /x. After that, the horizon has the shape of a closed loop with 
a cusp, pointing towards the second particle. It is growing until the second particle also falls 
behind it at T2 = — vr/4, and thereafter the exterior region shown in figure |8|(e) looks exactly 
like one of the exterior regions of the matter free BTZ black hole in figure [7|. 

Finally, the particles collide at t = 0, inside the black hole, creating the future singularity, 
which is shown in figure ||(f). It extends from the point of collision in the center of the disc to 
J . This is what remains from the space manifold. In contrast to the singularity in figure f7|(f), it 
is a half line only. It is the same spacelike geodesic as the one on which the joint particle moves 
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in figure |](d-f). The only difference is that now, in the rest frame of the black hole, it entirely 
lies inside the disc of constant time at t = 0. Therefore, we do not see the tachyonic particle 
moving. Its world line is just there at one moment of time. Nevertheless, the end point of the 
line on J is still the last point on J, and the horizon is the backward light cone of this point. 
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